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Our purpose is to consider the following conjectures: 
Conjecture 1 (Barneffe). . Every cubic 3-connected bipartite planar graph is Hamiltonian. 
Conjecture 2 (Jaeger). Every cubic cyclically 4-edge connected graph G has a cycle C such that 
G - V(C) is acyclic. 
Conjecture 3 (Jackson, Fleischner). Every cubic cyclically 4-edge connected graph G has a 
cycle C such that V(G) - V(C) is an independent set of vertices. 
We show that the previous conjectures are respectively equivalent to the following 
conjectures: 
Conjecture 1’. For every pair of edges belonging to the boundary of one given face of a cubic 
3-connected bipartite planar graph, there exists a Hamiltonian cycle through these edges. 
Conjecture 2’. For every pair of non-adjacent edges of a cyclically 4-edge connected cubic 
graph G there exists a cycle C through these edges such that G - V(C) is acyclic. 
Conjecture 3’. For every pair of non-adjacent edges of a cyclically 4-edge connected cubic 
graph G there exists a cycle C through these edges such that V(G) - V(C) is an independent 
set of vertices. 
1. Preliminary results 
1.1. Definitions and known results 
Terminology not defined here is that of [l]. All graphs considered here are 
finite and without loops. We will use the fact that if G is a graph of maximum 
degree at most three then the connectivity of G (denoted by K(G)) is equal to its 
edge-connectivity (denoted by A(G)). A cubic graph is a simple 3-regular graph. 
Let F be a nonempty subset of E(G). The subgraph of G whose vertex set is 
the set of vertices incident to edges in F and whose edge set is F is denoted 
by (F). 
The cocycle of a proper induced subgraph H of a graph G is the edge cut 
[V(H), I’(G) - V(H)1 consisting of the edges with one end in V(H) and the 
other in V(G) - V(H). F or a graph G having at least two vertex-disjoint cycles, a 
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cycle-separating edge cut is an edge cut L such that at least two components of 
G - L contain cycles. We denote these components by “cyclic components”. The 
cyclic edge-connectivity of G (denoted by A,(G)) is defined as the size of a 
smallest cycle-separating edge cut. A graph G is said to be cyclically k-edge 
connected if I,(G) > k and to be cyclically exactly k-edge connected if A,(G) = k. 
We shall say that a cycle-separating edge cut of &(G) elements is a minimum 
cycle-separating edge cut. 
Let G be a cubic graph. For k = 1 or 2, every k-edge cut is a cycle separating 
edge cut, and, for k = 1, 2 or 3, G is k-connected if and only if G is cyclically 
k-edge connected (see [14]). If G is a cubic graph distinct from K4 and K3,3 then 
A,(G) is defined (see [3]). We note that each edge cut of independent edges is a 
cycle-separating edge cut. In this paper we consider that the smallest cyclically 
3-edge connected cubic graph is the prism PR3 (two disjoint triangles connected 
by a matching), and that the smallest cyclically 4-edge connected cubic graphs are 
the cube Q3 and the twisted cube Q; (two disjoint 4-cycles connected by a 
matching). 
Let G be a cubic graph and let e = xy and e’ = x’y’ be two of its edges. The 
E-extension of G relative to e and e’ is the cubic graph E,,,(G) obtained from G by 
subdividing e by a vertex u and e’ by a vertex u’ and adding the edge a = uu’ as 
depicted in Figure 1. That is, 
s,,,(G) = (V(G) U {u, u’}, (E(G) - {e, e’}) U {xu, uy, x’u’, u’y’, uu’}) 
Note that e and e’ need not be independent. Clearly A(G) s A(E,,,(G)) s A(G) + 1 
and so E,(G) is 3-connected if G is. Moreover if G is cyclically 4-edge-connected 
and e and e’ are non-adjacent edges of G then it is easy to prove that c,,,(G) is 
cyclically 4-edge-connected (see [14]). The e-reduction of a cubic graph G relative 
to the edge a is the graph E,‘(G) obtained from G by deleting a and its end 
vertices as shown in Fig. 1. If a is the common edge of two incident triangles or if 
a is an edge of the 3-edge cut of a triangle then E;~(G) has multiple edges. 
Clearly, if G is 3-connected, E;~(G) has multiple edges if and only if a belongs to 
the 3-edge cut of a triangle. Let us note that the notion of E-reduction has been 
introduced by Grtinbaum [8]. 
Let S,(G) be the set of edges of G whose reduction results in a simple graph, 
that is, S,(G) = {e E E(G) 1 E;‘(G) is simple} and denote by N,(G) the set of 
remaining edges E(G) - S,(G). For example, N,(K,) = E(K,), S,(K,,,) = 
-1 
ca 
- a1 % 
e e’ 
H 
a 
tee’ e2 e; 
Fig. 1. 
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E(K& and e;‘(K& = K4 for any edge e of K3,3. Every edge of an isolated 
triangle is in S,(G) and for every edge in S,(G) we have A(s,l(G)) s A(G). Let 
now 
N(G) = {e E k(G) I%&P1(G)) < A(G)), 
N(G) = N,(G) UN,(G) and 
S(G) = {e E S,(G) 1 A(&;l(G)) = A(G)} 
We call the edges in S(G) removable, those in N(G) rzorz removable. Let us recall 
the two following classification theorems: 
Theorem A [8]. Every e-extension of a 3-connected cubic graph is a 3-connected 
cubic graph. Conversely, every 3-connected cubic graph distinct from K_, and K3,3 
contains a removable edge. 
Theorem B [5,11,14]. Every e-extension relative to two non-adjacent edges of a 
cyclically 4-edge-connected cubic graph G is a cyclically 4-edge-connected cubic 
graph. Conversely, every cyclically 4-edge-connected cubic graph G distinct from 
the cube Q3 and the twisted cube Q; contains a removable edge e such that e;‘(G) 
is cyclically 4-edge-connected. 
In the following four lemmas we shall use G to denote a 3-connected cubic 
graph distinct from K4 and K3,3. 
Lemma 1. Zf L is a minimum cycle-separating edge cut of G then L is an 
independent set of edges. Furthermore, G - L has exactly two cyclic components 
and these two components have no cut edge. 
Proof. See [14] Lemma 3 and [7] Lemma 1.3. q 
We note that if L is a 3-edge-cut then any component of G - L has an odd 
number of vertices. 
The proofs of the following two lemmas can be found in a previous paper (see 
Theorems 1.1 and 1.4 in [7]). 
Lemma 2. Zf A,(G) = 3 then N(G) is the set of the edges of G which lie on some 
minimum cycle-separating edge cut. 
Lemma 3. G ti cyclically 4-edge connected if and only if S(G) = E(G). 
Lemma 4. Let e and e’ be non-adjacent edges of G. Zf e (or e’) is removable then 
G - {e, e’} has no cut edge. 
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Proof. If c is a cut edge of G - {e, e’} then {c, e, e’} is a cycle-separating edge 
cut of G. By Lemma 2, e and e’ are non removable edges, a contradiction. Cl 
Lemma 5. Let e be an edge of G belonging to no triangle and let x and y be the 
end vertices of e. Zf one (or more) edge adjacent o e is removable then G - {x, y} 
has no cut edge. 
Proof. Since G is 3-connected, G - {x, y} is connected. Suppose that G - {x, y} 
has a cut edge c. Since G has no cut edge, the four vertices x1, x2 (adjacent to x) 
and y,, y2 (adjacent to y) do not lie in the same connected component of 
(G - {x, y}) - c. Let K1 and K2 be the two components of (G - {x, y}) - c. 
Without loss of generality, we distinguish three cases: 
(i) {x1} = V(K) and (~2, ~1, ~2) = V(&) 
(ii) {xi, x21 = V(Ki) and (~1, ~21~ VU&) 
(iii) {x1, n> = UK,) and 1x2, YZ) = V(k) 
In case (i), {c, xxi} is an edge cut of G and in case (ii), {c, e} is also an edge 
cut of G. This contradicts the hypothesis that G is 3-connected. 
In case (iii), {c, xx,, yyi} and {c, XT~, yy2} are edge cuts of G. Since e does not 
belong to a triangle, x1 # y1 and x2 #y2. Thus, K1 and K2 are cyclic components. 
Then by Lemma 2 the edges xx i, xx2, yyl and yy2 are non removable and this 
gives a contradiction. 0 
1.2. A notion of attachment 
Let G be a cubic graph and let e be an edge of G lying on no triangle. Let x and 
y be the end vertices of e. Let x1 and x2 be the two vertices adjacent to x and 
distinct from y. Let y, and y2 be the two vertices adjacent to y and distinct from x. 
Let H be a cubic graph and let a and b two non-adjacent edges of H. Let pi 
and p2 be the end vertices of a and let q1 and q2 be the end vertices of b. 
We consider the graphs G - {x, y} and H - {a, b}. If we connect the sets of 
vertices {xi, x2, yl, y2} and {pi, p2, ql, q2} by a matching, we obtain a new cubic 
graph. We say that such a graph is an (H, a, b)-attachment of G at e. 
We exclude the (eight) cases such that 
either the end vertices of the edge a are connected to the neighbours 
of x and the end vertices of b are connected to the neighbours of y 
or the end vertices of b are connected to the neighbours of x and 
the end vertices of a are connected to the neighbours of y. 
We shall say that an (H, a, b)-attachment of G at e excluding the previous 
cases is of type 1. Without loss of generality we suppose that the matching 
connecting G - {x, y} with H - {a, b} is {xlpl, x2ql, y1p2, y2q2} (see Fig. 2). 
We shall say that the excluded cases are “attachments of type 2”. 
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Remark 1. We note that if G and H are planar graphs and if a and b are 
independent edges on the boundary of a given face then there exist planar 
(H, a, b)-attachments of G at e which can be assumed to be of one specified type. 
Proposition 1. Let G and H be two 3-connected cubic graphs. Let e be an edge of 
G lying on no triangle. Let a and b be two independent edges of H. Then every 
(H, a, b)-attachment of G at e of fype 1 k 3-connected. Moreover, if a (or b) is 
removable or if e is incident with a removable edge then every (H, a, b)-attachment 
of G at e is 3-connected. 
Proof. Let K be an (H, a, b)-attachment of G at e. If K is not 3-corrected then 
either K has a cut edge or it is exactly 2-connected. Let A be a minimum edge cut 
of K. If A is a cut edge then let A = {c}, if K is exactly 2-connected let A = {c,.d} 
be a 2-edge cut. 
Let us show that A is a 2-edge cut, that c is a cut edge of G - {x, y} and that d 
is a cut edge of H = {a, b} (or conversely). Let L be the 4-cocycle connecting 
G - {x, y} with H - {a, b}. Since K-A is not connected, A is not contained in 
L. If A c E(G - {x, y}) then the vertices x i, x2, y, and y2 lie on the same 
component of K -A. Thus, A would be an edge cut of G, a contradiction. If 
A c E(H - {a, b}) then the vertices pl, p2, q1 and q2 lie on the same component 
of K -A. Thus, A would be an edge cut of H, also a contradiction. Hence IA( = 2 
and at most one edge of A is an edge of L. Assume first that one edge of A is in 
L. Without loss of generality we suppose that c is an edge of A - L. Then, either 
(i)cisacutedgeofG-{x,y}or(ii)cisacutedgeofH-{a,b}. Incase(i),A 
would be a 2-edge cut of G, a contradiction; in case (ii) we could exhibit a 2-edge 
cut of H containing c (or a cut edge, if the elements of the 2-edge cut are 
incident), contrary to the hypothesis. Thus, c is a cut edge of G - {x, y} and d is 
a cut edge of H - {a, b} or conversely. 
Now we show that this last situation is not possible. This fact is clear if we 
consider an (H, a, b)-attachment with the restricted hypothesis on the edges a, b 
Fig. 2. 
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and e, by Lemmas 4 and 5. Now, let us consider an (H, a, b)-attachment of 
type 1. Let K1 and K2 be the components of (G - {x, y}) - c. Since c is not a cut 
edge of G, the four vertices x 1, x2, y, and y2 do not lie on the same component 
Kj. Without loss of generality, there are only three cases: 
(i) {x1} = V(KJ and (~2, ~1, ~2) = V(&) 
(ii) {x1, ~2) = V(KJ and (~1, ~2) = V(&) 
(iii) {x1, ~1) = V(KJ and 1x2, YZ> = V(&) 
As in the proof of Lemma 5, we see that the cases (i) and (ii) are not possible. 
Since we consider an (H, a, 6)-attachment of type 1 (and H is 3-connected), the 
case (iii) is depicted on Fig. 3. Clearly K - {c, d} is connected. This contradiction 
establishes the proposition. 0 
Proposition 2. Let G and H be two cyclically 4-edge-connected cubic graphs. Let e 
be an edge of G and let a and b be two independent edges of H. Then every 
(H, a, b)-attachment of G at e is a cyclically 4-edge-connected cubic graph. 
Proof. Since G and H are cyclically 4-edge-connected, we note that they have no 
triangle. Let K be an (H, a, b)-attachment of G at e. By Proposition 1, K is 
3-connected. Let us suppose that K is cyclically exactly 3-edge-connected. Let S 
be a cycle-separating 3-cocycle of K and let L be the 4-cocycle connecting 
G - {x, y} with H - {a, b}. Assume first that G - {x, y} contains an edge of S 
then it contains at least two edges of S by Lemmas 3 and 5. If S is a subset of 
E(G - {x, y}) then S would be a cycle-separating 3-edge cut of G, a contradic- 
tion. Thus G - {x, y} contains exactly two edges of S. By Lemma 4, the third 
edge is not an edge of H - {a, b}. Without loss of generality, we suppose that 
this edge is the edge xlpl. The vertices x2, y, and y2 lie on the same component 
of K - S (see Fig. 4.1 where the edges of S are indicated by heavy lines). The 
3-cocycle S induces a cycle-separating 3-edge cut of G. Hence we have shown that 
G - {x, y} contains no edge of S. 
Since S is an edge cut of K, S is not contained in L. Thus H - {a, b} contains 
an edge of S. By Lemmas 4 and 5, we see as previously that H - {a, b} contains 
at least two edges of S. If S is a subset of E(H - {a, b}) then S would be a 
cycle-separating 3-edge cut of H, a contradiction. Thus without loss of generality 
we may assume that K is the graph depicted in Fig. 4.2. The 3-cocycle S induces a 
K 
1 
Fig. 3. 
K 
2 
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Fig. 4.1. Fig. 4.2. 
The edges of S are indicated by heavy lines. 
cycle-separating 3-cocycle of H containing a =p1p2 (or a cycle-separating 
2-cocycle if one edge of S distinct from xIp, is incident with p2). This last 
contradiction ends the proof. Hence we have shown that K has no cycle- 
separating 3-edge cut. 0 
2. Constructions of particular cubic graphs 
2.1. Introduction 
Let G be a cubic graph and let C be any cycle of G. We consider the following 
properties: 
M,(C) = “C is Hamiltonian” 
M,(C) = “V(G) - V(C) is un independent set” 
M,(C) = “G - V(C) is acyclic” 
M*+(C) = “the cyclomatic number of G - V(C) is at most k” 
M,(C) = “any vertex of G - V(C) is adjucent with a vertex of C (i.e. C is a 
dominating cycle)” 
M,,,(C) = “the distance between any vertex of G - V(C) and the cycle C is at 
most k” 
Let F be a family of cubic graphs, let M(C) be any previous property and let P 
be the following proposition: 
P = “For every G in F there exists a cycle C of G such that M(C) is true.” 
Let us consider the following conjectures: 
C, (Bamette [12]). Every cubic 3xonnected bipartite planar graph is 
Hamiltonian. 
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Cl (Jackson, Fleischner [4]. Every cubic cyclically 4-edge connected graph G has 
a cycle C such that V(G) - V(C) . 1s an independent set of vertices. 
C, (Jaeger [4]). Every cubic cyclically 4-edge connected graph G has a cycle C 
such that G - V(C) is acyclic. 
c . Every cubic cyclically 4-edge connected graph G has a cycle C such that 
G2f V(C) has a cyclomatic number at most k. 
C,. Every cubic cyclically 4-edge connected graph G has a dominating cycle. 
c . Every cubic cyclically 4-edge connected graph G has a cycle C such that the 
di&ce between any vertex of G - V(C) and the cycle C is at most k. 
Remarks. Fleischner proposed conjecture C1 with the added hypothesis that G is 
not 3-edge-colourable. We note that the previous conjectures are similar to 
Proposition P. For the conjecture CO the family F is the family of cubic 
3-connected bipartite planar graphs, and for the other conjectures F is the family 
of cubic cyclically 4-edge connected graphs. 
Let E be a property concerning pairs of edges of a graph (for instance, if G is 
planar let E be “there exists a face boundary containing both edges”). Let us 
consider the following proposition: 
P’ = “For every pair of non-adjacent edges satisfying E of a graph G in F there 
exists a cycle C of G through these edges such that the property M(C) is true.” 
We look for results of the form: P is equivalent to P’. For this, we suppose that 
P i.s true and P’ is false. We shall construct a family of cubic graphs such that for 
every cycle C of any graph of this family the property M(C) is false. 
2.2. Definition and properties of the family N(H,, H) 
Since we suppose that Proposition P’ is false, let G,, be a graph in F having two 
non-adjacent edges e and e’ satisfying the property E such that for every cycle C 
through e and e’ the property M(C) is false. Let HO = GO - {e, e’} and, for every 
positive integer r let H, be the “ladder” depicted in Fig. 5 (with r = 1, 2, 3 and 4). 
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If there is no ambiguity we denote H, by H. For the conjecture Cr, H will be H,, 
for the conjectures C,, and Cz, H will be H,, for the conjecture CJ, H will be H3, 
for C2.k H will be Hk+2 and for CSk,, H will be H2k+l. Now, a graph N of the 
family N(H& H) . 1s constructed as follows: we start with four disjoint copies H& 
1 s i s 4 of H,-,, and with two copies H’ and H2 of H and we join these copies as 
depicted in Fig. 6. 
We shall prove that N is 2-connected. We know that if we join two distinct 
vertices of a 2-connected graph to two distinct vertices of an other 2-connected 
graph by independent edges then we obtain a new 2-connected graph. The graph 
obtained from G,, by deleting e’ and subdividing e by two vertices is 2-connected. 
We see that N can be obtained by 3 “join operations” (as described before) and 
then some s-extensions to lengthen the two ladders if necessary. Thus, N is 
2-connected. 
Let P=xGx,- . -x, be a path in a graph. Write P([x,, xi]) for ~+q+~* * -xi, and 
P(]Xi, Xj]) for Xi+1 ’ ’ *Xi. Define P([Xi, xj[) and P(]xi, xj[) similarly. The length 
Z(P) of P is its number t of edges. 
Let U, V, t and z be the four vertices of degree 2 coloured black on Fig. 6. 
Lemma 6. There are no two disjoint paths P([u, z]) and P([r, Y]) in the graph N 
such that the property M(C) is true for the cycle C = [P([u, z])ztP([t, Y])YU] of the 
graph N + {uv, zt} or for the cycle C = [P([u, z])zvP([v, t])tu] of the graph 
N + {ZY, ut}. 
Proof. We suppose that there exist such two paths. Since H = H, has been 
suitably chosen, the cycle C passes through the two copies of H. Clearly, the cycle 
H’ 
0 
H’ 
b 
Fig. 6. 
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C contains the two edges a and b (see Fig. 6). There are two cases: 
(i) P([u, z]) contains a and P([t, Y]) contains b. 
(ii) P([u, z]) contains b and P([t, Y]) contains a. 
Case (i). Suppose that P([u, z]) contains the two edges connecting HA and H’ 
(see Fig. 6). There are two possibilities (see Figs 7.1 and 7.2). The case of Fig. 7.2 
would imply that P([u, z]) contains the edge b, a contradiction. In the case of 
Fig. 7.1, the path P([u, z]) . d m uces two disjoint paths of HA and clearly there 
exists a cycle Ci of Go through e and e’ such that the property M(C,) is true. This 
is impossible by hypothesis on Go. Since P([u, z]) does not pass through H’ but C 
does, P([Y, t]) must contain the two edges connecting Hz and H’. But this is 
impossible (by similar arguments). 
Case (ii). One of the two edges connecting HA and H’ lies on the path 
P([u, z]) and the other edge lies on the path P([t, Y]). Thus, (P([u, z]) U 
P([t, Y])) II Ht induces a cycle C2 of Go through e and e’ such that M(C,) is true. 
But this is impossible, by hypothesis on Go. Cl 
Lemma 7. There are no two disjoint paths P([u, t]) and P([z, Y]) in the graph N 
such that the property M(C) is true for the cycle C = [P([u, t])tzP([z, Y])w] of the 
graph N + {UY, zt} or for the cycle C = [P([t, u])uzP([z, v])vt] of the graph 
N + {uz, vt}. 
Proof. We suppose that there exist two such paths. Suppose that P([u, t]) 
contains the edge a. We consider the copy Hi of Ho. Since z is end vertex of 
P([z, Y]), one of the edges connecting Hi and H2 lies on P([z, Y]) and the other 
lies on P([u, t]). We see that this case is analogous to Case (ii) of Lemma 6. Thus 
this is impossible. Therefore P([u, t]) contains b. For obvious reasons, the 
symmetry of N also implies that this is impossible. 0 
Lemma 8. There is no path P([ u, Y]) (resp. P([t, z])) in the graph N such that the 
property M(C) is true for the cycle C = P([u, Y]) + UY (resp. P([t, z]) + tz). 
U a - - _ _ _ _ - 
?Y _____^_ H’ 0 
u a _ . - - . _ _ 
93 H’ 0 
Fig. 7.1. Fig. 7.2. 
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Proof. We suppose that there exists such a path. It passes through the two copies 
H’ and H2 of H. Thus P([u, Y]) contains the edges a and b. As previously, we see 
that we could construct from P([u, Y]) and from a copy Z& a cycle of G, through 
e and e’ such that M(C) is true. This contradiction establishes the lemma. 0 
Proposition 3. Zf the graph GO is 3-connected then the graph N+ = N + {uz, vt} is 
3-connected. Moreover, if G,, is cyclically 4-edge connected then N’ is cyclically 
4-edge connected. 
Proof. Let us consider the cube Q3 depicted in Fig. 8. 
Q 3 
Consider the four (G,, e, e’)-attachments at UU’, vu’, tt’ and zz’ (see Fig. 9). We 
denote by M the graph obtained by the succession of these operations. Applying 
four times Proposition 1, we see that if we consider attachments of type 1, M is 
3-connected. Since Q3 is (exactly) cyclically 4-edge connected, if Go is cyclically 
4-edge connected then, by Proposition 2, M is cyclically 4-edge connected. 
Fig. 9. 
Since H = H,, the graph N+ depicted in Fig. 10 is obtained from M by 2r 
s-extensions relative to non-adjacent edges. Then N+ is 3-connected (resp. 
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Fig. 10. 
cyclically 4-edge connected) if GO is. By definition of the family N(H,, H) we 
have N = N+ - {UZ, vt}. 0 
2.3 Construction and properties of the graphs N=(F) 
Let F be a cubic graph with no triangle. Suppose that F has a perfect matching 
L. Let N be a graph of the family N(&, If) and let N+ be the graph 
N+ = N + {UZ, W}. For each edge e of the perfect matching L we make an 
(N+, UZ, vt)-attachment of type 1 at e. We denote by N=(F) such a graph. The 
following lemma is a corollary of Propositions 1, 2 and 3. 
Lemma 9. Zf GO and F are 3-connected then N=(F) is 3-connected. Moreover, if 
G,, and F are cyclically 4-edge-connected, then NL(F) is also cyclically 4-edge- 
connected. 
Proposition 4. Let F be a non-Hamiltonian 2-connected cubic graph with no 
triangle. Let L be a perfect matching of F. Then for every cycle C of N=(F) the 
property M(C) is false. 
Proof. By contradiction. Let C be a cycle of N=(F) such that M(C) is true. The 
cycle C passes through the two copies H’ and H* of any subgraph N of N=(F). By 
symmetries of N and by Lemmas 6, 7 and 8 there are only three cases. They are 
depicted in Figs 11.1, 11.2 and 11.3. We see that C induces a Hamiltonian cycle 
of F. This is a contradiction. Cl 
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Thus, we note that we have the following statement: 
Theorem 1. If Proposition P k true and Proposition P’ is false then NL(F) is not a 
graph of the family F. 
3. Barnette’s conjecture 
Let us recall this conjecture: 
CO. Every cubic 3-connected bipartite planar graph is Hamiltonian. 
Consider the following conjectures [6]: 
C& For every pair of non-adjacent edges belonging to the boundary of a given 
face of a cubic 3-connected bipartite planar graph, there exists a Hamiltonian 
cycle through these edges. 
C& For every pair of edges belonging to the boundary of a given face of a cubic 
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3-connected bipartite planar graph, there exists a Hamiltonian cycle through 
these edges. 
In [9], Holton, Manvel and McKay prove that C, holds on the graphs with at 
most 64 vertices. If we restrict C: to pairs of adjacent edges, the assertion holds 
on the graphs with at most 40 vertices (it is an easy consequence of their Theorem 
5(d)). In [lo] (Theorem 3.1), Plummer and Pulleyblank prove that Barnette’s 
conjecture is equivalent to Cd restricted to pairs of adjacent edges. 
Proposition 5 [6]. The statements CA and C;l are equivalent. 
Proof. We observe that it suffices to prove that if Ci is false then C,‘, is false. 
Suppose that there exists a cubic 3-connected bipartite planar graph G and two 
adjacent edges e, e’ of G such that there is no Hamiltonian cycle through these 
edges. Let Gi and G2 be two copies of G. We construct a cubic 3-connected 
bipartite planar graph H in the way indicated on Fig. 12. Consider the 
non-adjacent edges e and e’ of H depicted on the Fig. There exists a face of H 
whose boundary contains e, e’ and there is no Hamiltonian cycle through these 
edges. 0 
Fig. 12. 
Proposition 6. Zf CA is false then there exists a cubic 3-connected bipartite planar 
graph of the form NL(F). 
Proof. Let us suppose that Proposition CA is false. Let Go be a cubic 3-connected 
bipartite planar graph having two non-adjacent edges e and e’ belonging to the 
boundary of a given face such that there is no Hamiltonian cycle through these 
edges. Set HO = GO - {e, e’}, H = H2 = C, and define N as in Section 2.2. 
We shall prove that N (see Fig. 6) is planar and bipartite. Consider a planar 
embedding of Go such that e, e’ lie in the boundary of the infinite face. Then Fig. 
6 depicts a planar embedding of N. Consider now a 2-colouring of Go. There are 
two cases (see Figs 13.1 and 13.2). The case of Fig. 13.1 gives a bipartite graph 
(see Fig. 14.1). By interchanging the colours in the copies Hg and Hi the case of 
Fig. 13.2 also gives a bipartite graph (see Fig. 14.2). 
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Now, let F be a non Hamiltonian cubic 3-connected planar graph with no 
triangle (for instance the Tutte graph ([13] or [l] p. 161) on 46 vertices or the 
Bosak graph [2] on 38 vertices). Let L be a perfect matching of F. By Remark 1, 
there exists a graph NL(F) ( as constructed in Section 2.3) which is planar. Such a 
graph has two types of faces: 
(i) interior faces of copies of N 
(ii) faces corresponding to the faces of F. 
Clearly, an interior face of a copy of N has even length. Let R be a face of F and 
let l(R) be its length. Its boundary contains p edges of L and q end vertices of 
edges of L lying on the cocycle of the boundary. Thus, l(R) = 2p + q. An edge of 
L in the boundary of R is replaced by a path of odd length of the infinite face of 
N (see the colourings on Fig. 14). Thus each replacement adds an even number of 
vertices. A vertex of the boundary, end point of an edge of L lying on the cocycle 
of the boundary, is also replaced by an odd path. Hence, the corresponding face 
of NL(F) has even length. Since NL(F) is planar and has only even faces, it is a 
bipartite graph. By Lemma 9, NL(F) is 3-connected. 0 
We conclude this section by the 
Theorem 2. The two following conjectures are equivalent: 
Co. Every 3-connected bipartite planar cubic graph is Hamiltonian (Barnette [ 121). 
Fig. 14.1. Fig. 14.2. 
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C& For every pair of edges belonging to the boundary of a given face of a 
3-connected bipartite planar cubic graph, there exists a Hamiltonian cycle through 
these edges. 
Proof. We apply Theorem 1, Propositions 5 and 6. Cl 
4. Conjectures on cyclically 4-edge connected cubic graphs 
Now, the family F is the family of the cyclically 4-edge connected cubic graphs. 
Let F be a non-Hamiltonian cyclically 4-edge connected cubic graph (for 
example, the Petersen graph). Consider a graph of the form #(F). By Lemma 
9, N’(F) is cyclically 4-edge connected. Then by Theorem 1 we have: 
Theorem 3. Let G be a cyclically 4-edge connected graph. The following 
conjectures : 
(E) G has a cycle such that: 
C,(C) “V(G) - (V) is an independent set” 
C,(C) “G - V(C) is acyclic” 
C,,(C) “the cyclomatic number of G - V(C) is at most k” 
C,(C) “C is a dominating cycle” 
C,,,(C) “the distance between any vertex of G - V(C) and the cycle C is at 
most k” 
are respectively equivalent o the similar conjectures where (E) is replaced by: 
(E’) For every pair of non-adjacent edges of G there exists a cycle C through these 
edges such that: 
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